Implicit Functions

When an equation can be written in the form y = £(x) 1t 1s said to be an explicit function.
Here are two examples of explicit functions:
]
y=2x —3x+4, y=2XZInx

Sometimes 1t 1s impossible to make y the subject of the formula.

The equation is then called an implicit function and
. . 2 g 72
examples of such functions include v’ 4+ 2x“ =y~ —x
. g,
and sin y =x“ + 2xy.
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Tutorial Worksheet — Differentiation 6

Implicit Functions

When an equation can be written in the form y = f(x) it is said to be an explicit function.
Here are two examples of explicit functions:

_'uJ:ZJ'r'IL —3x+4, y=2xlnx

Sometimes it is impossible to make y the subject of the formula.

The equation is then called an implicit function and
examples of such functions include y* +2x? =y? —x

. 2
and sin y =x" 4 2xy.

Differentiation of Implicit Functions

It is possible to differentiate an implicit function by
using the function of a function rule, which may be
stated as

du  du " dy
dcx  dy = dx

Thus, to differentiate y* with respect to x, the substitu-

. : .. du
tion # =" is made, from which, el 3y2.

d . dy
Hence, —[1'3] = (31‘3j x —, by the function of a
dx - : dx

function rule.

A simple rule for differentiating an implicit function is
summarised as:
d d dy

—[f(v)]l=—1| ' — 1
dx A n'rj."'f Wl x dx (1
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Sample Problem:

Problem 1. Differentiate the following functions

with respect to x:
(a) 2y*  (b) sin 3t

Sample Answer:

(a) Letu=2y", then, by the function of a function rule:

du du dy d . 4 dy
— = — X —=—(2y) x —
dx dy dx dy - dx
dy
— 8 "‘—
y dx
(b) Let u=sin3f, then, by the function of a func-
tion rule:
du_du dr_ d( in 31) dt
dx dr dx dro 7
: dt
= 3cos 3 —
cos I

Now you attempt to differentiate the following implicit functions....

Problem 2. Differentiate the following functions
with respect to x:

|
(a)41In5y (b) 5339—2

4dy

Answers: (@) ——
vdx

Further practice problems using implicit differentiation...

. (a)3y’ (b)2cosd4d (c) vk
dy d#
r4 - — 1 e
lr[a) 15y (b) 85111419@_-'

(oL 2
2k dx

5 3 ..
2. (@33t (b :192}+] (c) 2 tan 3y

Sdt 3 ,..,dy
- by — 2y+177
{(a}Zrm (b)3e r.ix-l

dv
{(c} 6 53(:23}’—" J
dx
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But how would you solve this one ??

@ D\FFERENTIATE THE Funjcinga

U=2%> + 33Cos€x
WITH €84 cer Th i_

RLrLMBER . cflp__[/\_' . 'd_ﬂ_m g Ci__?_‘-
'd‘f AX T AV




46.3 Differentiating implicit

functions containing products
and quotients

The product and quotient rules of differentiation must
be applied when differentiating functions containing
products and quotients of two variables.

d d d
F ] g 2 = 2 L T ) .
or example dx(x ¥} ={x ]dx(}’]+[}?}dxix )
by the product rule
dy
= () (1—‘) +y(2),
dx
by using equation(1)
24y

=x"— 4 2x
xdx+}’

d
Problem 3. Determine 3{213}’2]

In the product rule of differentiation let u=2x* and

v=y>.
@ it il gl o8
Thus E(lf y)=(2x }E(} )+ (y )E{ZI )

— 29 (2}’%) + A6

= 413}’% + 6x2y?

dy
=2y 2x—= +3
}( dx+y)



But how would you solve this one ??

@ D\FFERENTIATE THE Funjcinga

U=2%> + 33Cos€x
WITH €84 cer Th i_

RLrLMBER . cflp__[/\_' . 'd_ﬂ_m g Ci__?_‘-
'd‘f AX T AV
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e W,
o+ 305 -8 smbx ag\
ay
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Now you attempt to differentiate the following implicit functions using the product and quotient
rules....

d ( 3v
Problem 4. Find — | —
roblem in .ix(lx)

3 dy
Answer: 5 (r—'}—y)

x2 U dx

Problem 5. Differentiate z =x* 4 3x cos 3y with
respect to y.

d
Answer: lrd—j — 9x sin 3y + 3 cos ;%yd—::

Problem 6. Given 2y> —5x* —2 — 7y’ =0,

dv
determine —
dx

20x°
Answer: (dy —21y%)

T

when

Problem 7. Determine the values of

x =4 given that x> 4+ y*> =25,

Answer, - — _

dy x 4
dx vy

|
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Tutorial Worksheet — Differentiation 7

Logarithmic Differentiation:

47.1 Introduction to logarithmic

differentiation

With certain functions containing more complicated
products and quotients, differentiation is often made
easier if the logarithm of the function is taken before
differentiating. This technique. called *logarithmic dif-
ferentiation® is achieved with a knowledge of (i) the
laws of logarithms, (ii) the differential coefficients of
logarithmic functions, and (iii) the differentiation of
implicit functions.

47.2 Laws of logarithms

Three laws of logarithms may be expressed as:
(i) log (A xB)=logA +logB
A
(ii) log (E) =logA —logB
(iii) logA"=nlogA

In calculus, Napierian logarithms (i.e. logarithms to a
base of ‘e’) are invariably used. Thus for two func-
tions f(x) and g(x) the laws of logarithms may be
expressed as:

(i) In[f(x)-g(x)]=In f(x)+In g(x)
(i) 1In (@) — In f(x) — In g(x)
g(x)
(iii) In[f(x)]"=nIn f(x)
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Now you try this one ...
DIFFERENTIANE  WSING Lo6p& THMIL
D\ EDXENVTIATION THE  Eollowinyg:

@ XUO - 6:("")

Remember the key steps...

Step 1: Take Logs on both sides
Step 2: Simplify the Log expression as much as possible
Step 3: Perform the derivative

Step 4: Gather terms to write as final dy/dx expression
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47.3 Differentiation of logarithmic

functions

The differential coefficient of the logarithmic function
In x is given by:
d 1
—(lnx)=—
d x X

More generally, it may be shown that:

d f'ix)

—[In flx)]=—— 1

d,rE n/ o] fix) (1)
For example, if y =In(3x> + 2x — 1) then,

dy 6x +2

dx  3x2+2x—1
Similarly, if y=In(sin 3x) then
dy  3cos3x

dx  sin3x

= 3ol 3x.

Sample Problem:

Problem 1. Use logarithmic differentiation to
(@ + Dx—2)°

differentiate vy = x—3)

Sample Answer:

The answer is quite complex but if we tackle it step by step it is not so hard to
understand!

(x+1)(x —2)°

(i) Since v= G=3)
3
then Iny=In r+ Dix—2) ]
(x—3)

Now use our Laws of Logarithms to re-write the expression..

(i) Iny=In(x+1)+In(x—2) —In(x — 3),
ie.lnyv=In(x+ 1)+ 3 In(x — 2) — In(x — 3),



Now it is time to differentiate and apply some algebra..

(1ii) Differentiating with respect to x gives:

ldy 1 ) 3 1
ydr  (x+1)  (x=2) (x=3)

(iv) Rearranging gives:

dy 1 N 3 1
ax Cla+D T x-2 -3

(v) Substituting for y gives:

ﬂ_{x+l]{x—2}3{ L, 3 1 }
de (x=3) x+1)  (x=2) (x=3)

Now you attempt to use logarithmic differentiation on the following:

Ja =23

x+1D22x=1)

Problem 2. Differentiate y =

dy
with respect to x and evalualte d_ when x = 3.

X
Answer:
dy  Jx=2)} 3 2 2
de  (x+D22x—=1D |2x=2) x+1D (2x=1D

3
. . x’In2x |
Problem 4. Differentiate y = ——with respect
et sinx

fox

Answer:
dy x*In2x ‘3 1

= - — — 1 —cotx
dy e'sinx

X xln2x
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47.4 Differentiation of [f(x)]*

Whenever an expression to be differentiated contains a
term raised to a power which is itself a function of the
variable. then logarithmic differentiation must be used.

Problem 5. Determine g given y=x".

Taking Napierian logarithms of both sides of y=x'
gives:

In y=Inx*=xInx, by law (iii) of Section 47.2
Differentiating both sides with respect to x gives:

1dy 1
L ={x) (—) + (Inx)(1), using the product rule
v dx h =
1dy
ie. —— =1+ Inx
y dx
from which dy =v(l +Inx)
: ] dx L 3
d
Le. Y X +Iny)

dx

Now you attempt to use logarithmic differentiation on the following:

Problem 6. Evaluate % when y=i(x+2)"

Answer

dy —[x+2}*|i+1n(x+z)}
dr x+2

Problem 8. Differentiate x>**2 with respect to x.

Answer

2
& :xjx+l[3+ - +3In.r}
dx X
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Tutorial Worksheet — Integrals 7

Integration areas and other relationship variables:

The area under a curve can also be used to determine other related variables.

Motion:

Area under a velocity / time graph gives displacement.
Area under an acceleration / time graph gives velocity.

Sample Problem 1:

The velocity v of a body § seconds
after a certain instant is; (262 4+ 5) m/s. Find by
integration how far it moves in the interval from
f=0tof=4¢s

Sample Answer 1:

Since 2% +5 iz a quadratic sxpression, the curve
v= EIZ-I— 5 12 a parabola cutting the v-axis at v=>3, as
shown in Fig. 554,

The distance travelled iz given by the area under the v/t
curve (shown shaded in Fig. 55 4).
By integration, v {mis)

4 40
shaded area =[ vt
0

4
=[ (2¢2 4+ 5) g a0
0
0E T
= | 15t
ERE]) §
H(43
=( - j+5(4))—m)

i.z. distance travellad =62.67 m

Now you attempt this problem..

The velocity v of a vehicle f seconds after a
certain instant is given by: v=(3t* +4) m/s.
Determine how farit movesintheinterval from
f=1stof=5z¢

ANSWER: 140 m



Work:

Area under a force / distance graph gives work done.
Area under a gas expansion graph of pressure / volume gives work done.

Sample Problem 2:

A gas expands according to the law
pv = constant. When the volume is 3 m® the
pressurs iz 150 kPa. Given that

2
work done = f pdv, determine the work
V1

done as the gas expands from 2 m® to a

volume of 6 m®

Sample Answer 2:

pv=constant, When v=3m* and p=150kPa ths
constant is given by (3 x 150) =450 kPam® or 450 k],

450
Hence pp =450, 0rp=—
>
8450
Work done = —duv
a e

— [4501nv]S = 450[In6 — In2]

&
= 45'1]1115 =4501In3 =4%.4Kk]J

Now you attempt these problems using the stated relationships for work done.

The force F newtons acting on a body at
a distance x mestres from a fixed point is
given by: F=3x42x%. If work done=

)
] F dx, determine the work done when the
x]

body moves from the position where r=1m
to that where r=3m.

ANSWER: 29.33 Nm

A gas expands according to the law puv=
constant, When the volums is 2 m® the pres-
surs is 250 kPa. Find the work done asthe gas

expands from 1 m® to a volume of 4 m® given
"

that work done:f pduv

bl

ANSWER: 693.1 kJ
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Now you try one...
Find TOTAL work done by the gas for cycle A-B-C-D-A

fﬂa;htg ia Ghs ExfanPy (‘FV :{aﬁdﬁh’ﬂ)
&

17!&&9

\/ 4
GRS Comf VY (m's)

Remember the following key points:

Formula for Gas is: PV = Constant

V¥
WoRkRK = P d U
Vi
From A->B the Work done is Positive
From C->D the Work done is Negative

AtA: P =600, V=1
AtD: P =450 V=1
AtBandC: V=4
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Work:

Area under a force / distance graph gives work done.
Area under a gas expansion graph of pressure / volume gives work done.

Sample Problem 2:

A gas expands according to the law
pv = constant. When the volume is 3 m® the
pressurs iz 150 kPa. Given that

2
work done = f pdv, determine the work
V1

done as the gas expands from 2 m® to a

volume of 6 m®

Sample Answer 2:

pv=constant, When v=3m* and p=150kPa ths
constant is given by (3 x 150) =450 kPam® or 450 k],

450
Hence pp =450, 0rp=—
>
8450
Work done = —duv
a e

— [4501nv]S = 450[In6 — In2]

&
= 45'1]1115 =4501In3 =4%.4Kk]J

Now you attempt these problems using the stated relationships for work done.

The force F newtons acting on a body at
a distance x mestres from a fixed point is
given by: F=3x42x%. If work done=

)
] F dx, determine the work done when the
x]

body moves from the position where r=1m
to that where r=3m.

ANSWER: 29.33 Nm

A gas expands according to the law puv=
constant, When the volums is 2 m® the pres-
surs is 250 kPa. Find the work done asthe gas

expands from 1 m® to a volume of 4 m® given
"

that work done:f pduv

bl

ANSWER: 693.1 kJ
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